A theory of deconfined pseudo-criticality by Ma, Ruochen & Wang, Chong
A theory of deconfined pseudo-criticality
Ruochen Ma1, 2 and Chong Wang1
1Perimeter Institute for Theoretical Physics, Waterloo, ON N2L 2Y5, Canada
2Department of Physics and Astronomy, University of Waterloo, Waterloo, ON N2L 3G1, Canada
(Dated: January 1, 2020)
It has been proposed that the deconfined criticality in (2 + 1)d – the quantum phase transition
between a Neel anti-ferromagnet and a valence-bond-solid (VBS) – may actually be pseudo-critical,
in the sense that it is a weakly first-order transition with a generically long correlation length. The
underlying field theory of the transition would be a slightly complex (non-unitary) fixed point as a
result of fixed points annihilation. This proposal was motivated by existing numerical results from
large scale Monte-Carlo simulations as well as conformal bootstrap. However, an actual theory of
such complex fixed point, incorporating key features of the transition such as the emergent SO(5)
symmetry, is so far absent. Here we propose a Wess-Zumino-Witten (WZW) nonlinear sigma model
with level k = 1, defined in 2+ dimensions, with target space S3+ and global symmetry SO(4+).
This gives a formal interpolation between the deconfined criticality at d = 3 and the SU(2)1 WZW
theory at d = 2 describing the spin-1/2 Heisenberg chain. The theory can be formally controlled, at
least to leading order, in terms of the inverse of the WZW level 1/k. We show that at leading order,
there is a fixed point annihilation at d∗ ≈ 2.77, with complex fixed points above this dimension
including the physical d = 3 case. The pseudo-critical properties such as correlation length, scaling
dimensions and the drifts of scaling dimensions as the system size increases, calculated crudely to
leading order, are qualitatively consistent with existing numerics.
Going beyond the Landau paradigm has been a mod-
ern theme in the study of phase transitions. In the con-
text of quantum magnetism, the prime example is the
so-called deconfined quantum critical point (DQCP) –
a direct continuous transition between a Neel antiferro-
magnet and a valence-bond-solid (VBS) state on a square
lattice[1, 2]. These two states break very different sym-
metries (spin rotation for Neel and lattice rotation for
VBS) so a direct, continuous transition is forbidden in
Landau theory without further fine tuning. For SU(N)
spin systems with sufficiently large N , the existence of
such non-Landau continuous transition has been firmly
established both theoretically[1, 2] and numerically[3], so
there is no question on whether such non-Landau tran-
sition can exist. However for SU(2) spins – the most
interesting case for condensed matter physicists – the
situation has been murky since the early days.
The continuum field theory describing the DQCP,
known as the (non-compact) CP 1 theory, is a strongly
coupled gauge theory with little theoretical control.
Therefore large scale numerical simulations are needed
to determine whether the transition is truly continuous.
Many such Monte-Carlo simulations have been carried
out in the past decade, on different lattice realizations
of the DQCP[4–23], with linear system size L measured
in unit of lattice spacing as large as 125 ∼ 256 (quan-
tum spin model[8, 12]) or 640 (classical loop model[13]).
Standard signatures of first-order transition (such as
double-peaked probability distributions) have not been
seen at the transitions in these simulations. Rather the
correlation length appear to exceed the (already quite
large) system size at the transition. The critical ex-
ponents extracted from finite-size scaling behaviors are
roughly consistent across different simulations. However
the transition does not behave like a conventional contin-
uous transition either: the critical exponents show sig-
nificant dependence on system size up to the largest size
simulated. Specifically, the two exponents ν and η drift
systematically to smaller values as system size grows.
Even worse, the correlation length exponent ν extracted
from the largest system size (∼ 0.44 from Refs. [12, 13])
is smaller than the lower bound on ν (∼ 0.511) for a con-
tinuous transition with a single tuning parameter, found
using numerical conformal bootstrap[24, 25].
Another confusing issue is the emergent SO(5) sym-
metry at the DQCP. At the Neel-VBS critical point, an
emergent SO(5) symmetry, rotating among the three
components of Neel vector n and the real and imagi-
nary parts of the VBS order parameter Φ, was observed
numerically[14]. This SO(5) symmetry, absent in both
the lattice models and the continuum gauge theories
(such as CP 1), was later rationalized using dualities be-
tween different gauge theories[26, 27] (with hints from
earlier works on non-linear sigma models[28, 29]). How-
ever, assuming such an SO(5) symmetry at a true critical
point without further fine-tuning, the scaling dimension
of the SO(5) vector (in this case the Neel and VBS or-
der parameters) is required by conformal bootstrap[25]
to be greater than 0.76. Numerically this scaling di-
mension was found to be ∼ 0.62 on the largest systems,
significantly smaller than the bootstrap bound.
To resolve these discrepancies, it was proposed[13,
26] that the DQCP for SU(2) spins may actually be
“pseudo-critical”. Essentially, one postulates that there
is a coupling constant λ, with a flow equation under
renormalization group (RG) around λ = 0 given by (up
to some redefinition)
dλ
dl
= ε+ λ2 + ... (1)
where ... are terms higher order in λ and ε is a small
ar
X
iv
:1
91
2.
12
31
5v
1 
 [c
on
d-
ma
t.s
tr-
el]
  2
7 D
ec
 20
19
2constant that is not flowing under RG. For ε < 0, there
are two fixed points: an attractive one at λ− = −
√|ε|,
and a repulsive one at λ+ = +
√|ε|. As ε changes gradu-
ally from negative to positive, the two fixed points collide
and annihilate with each other, and there is no real fixed
point left. The “pseudo-critical” scenario corresponds to
a slightly positive ε (ideally 0 < ε  1). Some simple
observations immediately follow:
1. Assuming λ flows from  −√ε to  +√ε. The
correlation length, defined as exponential of the
“RG time” l spent along the flow, is given by
ξ = ξ0 exp
(
pi√
ε
)
, (2)
where ξ0 is a non-universal constant ∼ O(1) de-
pending on the UV value of λ. This can be quite
large even for mildly small values of ε. This is
sometimes also called a “walking” coupling con-
stant.
2. Most of the RG time is spent around −√ε /
λ / √ε. So for small ε the point λ = 0 can be
approximately viewed as a “fixed point” for sys-
tem size L  ξ. One can then define notions of
scaling dimensions and “relevant/irrelevant” per-
turbations around this pseudo-critical point. In
particular, the aforementioned SO(5) symmetry
emerges (up to the correlation length ξ) if the mi-
croscopic symmetry-breaking terms are irrelevant
around this fixed point λ ≈ 0.
3. Even though the λ ≈ 0 region behaves almost like a
fixed point for L ξ, the parameter λ is neverthe-
less slowly flowing. This implies that the scaling
dimensions, generically as functions of λ, will be
slowly drifting as the system size increases.
4. The flow equation Eq. (1) does have two complex
fixed points at λ± = ±i
√
ε. The pseudo-critical be-
havior near λ = 0 on the real axis can be viewed as
ultimately controlled by the complex fixed-points
(even though the fixed points themselves are un-
reachable due to unitarity of the underlying quan-
tum mechanical system).
The above features of the pseudo-criticality scenario
could potentially resolve the existing issues in numer-
ics. However an actual theory of the DQCP, that
naturally incorporates features like pseudo-criticality
and the emergent SO(5) symmetry, is currently ab-
sent – although a tentative theory for pseudo-criticality
in CPN−1 models has been qualitatively discussed in
Ref. [13]. The goal of this work is to develop such a the-
ory, and to gain a clearer picture of the origin and con-
tents of Eq. (1) in the DQCP. Such theories of pseudo-
criticality have been developed for certain (3+1)d gauge
theories[30–32] and (1 + 1)d q-state Potts models with
q > 4[33–38].
We adopt the sigma-model approach to the DQCP. It
is known that the DQCP has a “caricature” representa-
tion in terms of a non-linear sigma model[28, 29]
S =
∫
d3x
1
4pig
(∇N̂)2 + kΓWZW [N̂ ], (3)
where N̂ = (n1, n2, n3,Re(Φ), Im(Φ)) ∈ S4 represents
the combined Neel-VBS order, g is the coupling strength,
ΓWZW is the standard Wess-Zumino-Witten (WZW)
term (well-defined since pi3+1(S
4) = Z) with a quan-
tized coefficient k, and in the case of the DQCP k = 1.
The physical significance of ΓWZW is that a vortex of
the complex operator Φ traps a spin-1/2 moment, mani-
fested as an effective (0+1)d WZW term for (n1, n2, n3)
– this is exactly the feature expected for the DQCP from
the lattice scale[39].
However, Eq. (3) is only a caricature because, as a
continuum field theory, its dynamics is only well-defined
in the weak-coupling regime, where the SO(5) symme-
try is spontaneously broken and 〈N̂〉 6= 0. Turning on a
Neel-VBS anisotropy n21 + n
2
2 + n
2
3 − |Φ|2 will induce a
Neel-VBS transition, but a strongly first-order one. Re-
alizing the DQCP, even in the pseudo-criticality scenario,
requires accessing some strong-coupling regime which is
not well-defined on its own.
It is instructive to look at what happened in a much
better understood case: the WZW sigma model at k = 1
in (1 + 1)d, with target space S3 (so the order parame-
ter is an SO(4) vector). The Lagrangian takes the same
form as Eq. (3) except every term lives in one dimension
lower and N̂ ∈ S3. This theory is asymptotically free,
so the free Gaussian fixed point is unstable in IR (as re-
quired also by Mermin-Wagner). The coupling strength
will always flow to a critical value gc which is nothing but
the famous SU(2)1 CFT (recall that SU(2) ∼ S3)[40].
This is also the theory describing the critical spin-1/2
Heisenberg-Bethe chain[41], and can be viewed as the
close relative of the DQCP in (1 + 1)d.
We now propose a theory of WZW non-linear sigma
model, formally defined in space-time dimension d = 2+
, with target space S3+ (so the symmetry is SO(4+)).
We do not attempt to explicitly write down the corre-
sponding action (especially the WZW term) since we
do not know how to precisely define the winding num-
ber of S3+ on another S3+. We simply postulate the
existence of such theory as some kind of analytic contin-
uation of WZW theories in general (positive integer) d
space-time dimensions with target space Sd+1 – actions
like Eq. (3) are always well-defined for these theories
since pid+1(S
d+1) = Z.
Let us first ask what are the possible scenarios based
on qualitative considerations. We expect the RG flow
of g to look like Fig 1. At  = 0 there is a stable fixed
point at g = gc and an unstable Gaussian fixed point
at g = 0. At small positive , the attractive fixed point
will continue in some fashion from gc, but the Gaus-
sian fixed point turns from unstable to stable because
3FIG. 1. Schematic RG flow of the coupling strength g, of the
WZW sigma model in 2+ space-time dimensions with target
manifold S3+, at different values of . Depending on whether
the physical dimension of the DQCP ( = 1) is below, well
above, or slightly above ∗, the system will show critical,
strongly first order, or pseudo-critical behavior, respectively.
Mermin-Wagner no longer applies in dimension higher
than two. Therefore another repulsive fixed point must
emerge between the Gaussian (g = 0) and the attrac-
tive one (around gc). As  increases, both the repulsive
and attractive fixed points will continue in some fashion,
but we expect them to collide and annihilate each other
at some critical ∗ – otherwise this would lead to in-
teracting, non-supersymmetric CFTs in arbitrarily high
dimensions, which is hard to imagine. As for the physi-
cal case of  = 1, there are three possible scenarios: (a)
1 < ∗, and the attractive fixed point describes the truly
continuous DQCP, (b) ∗ significantly below 1, and the
transition is strongly first order, and (c) ∗ slightly below
1, and the system shows pseudo-critical behavior before
eventually crossing over to first order transition at large
system size. Based on existing numerical results, we ex-
pect scenario (c) to be the physical one, and the small
constant in Eq. (1) is ε ∝ (1− ∗).
Let us now try to be slightly more quantitative. The
WZW sigma model can be perturbatively controlled if
the WZW level k is large. In this case gc( = 0) ∼ 1/k,
and we will see that we also have g∗ ∼ ∗ ∼ 1/k. Of
course k = 1 for the physical case, so an expansion in
1/k (especially to low order) may not be trusted quan-
titatively. Nevertheless, just like usual small  or large
N expansions, such a calculation can offer valuable in-
sights, especially when combined with other approaches
such as lattice simulations.
The next question is how to compute the perturbative
RG equation in 2 +  dimensions with a WZW term for
S3+ – after all, we do not even have a Lagragian for such
theories. However we do not need to have a Lagrangian
– all we need to do is to analytically continue the pertur-
bative RG flow equations in integer dimensions d with
target manifold Sd+1. The flow equations for integer
d ≥ 2 take the form
dg
dl
= −g + 2g2 − F (d)k2g2+d + ...,
dk
dl
= 0, (4)
where the second equation simply comes from level quan-
tization of WZW term, the 2g2 term in the first equa-
tion is a standard result for non-linear sigma model, the
k2g2+d term is the leading order contribution from WZW
term (see Appendix A for more details) and F (d) is some
function of d. It is known[40] that F (2) = 2. We assume
that the continuation of the second equation to fractional
 is trivially dk/dl = 0, namely we assume that the WZW
level is quantized even for fractional  (something like
pi3+(S
3+) = Z). Now assuming an analytic continua-
tion of F (d) exists, then for d = 2 +  with g ∼  ∼ 1/k,
the leading order flow equation simply becomes
dg
dl
= −g + 2g2 − 2k2g4 + ... (5)
In particular, we only need the zeroth order value of the
F (2+) term – the calculation would otherwise be much
more complicated.
The fixed points from Eq. (5) are given by

2
= g − k2g3, (6)
which indeed behave as Fig. 1. The critical dimension
and coupling strength are given, to leading order in 1/k,
by
∗ =
4
3
√
3k
≈ 0.77
k
,
g∗ =
1√
3k
. (7)
Now consider the theory just above the critical dimen-
sion,  = (1+α)∗ with 0 < α 1. Eq. (5) then reduces
to Eq. (1) to leading order in α, with λ = 2(g−g∗). The
correlation length is now (again to leading order in both
1/k and α)
ξ = ξ0 exp
(
pi√
2α∗g∗
)
= ξ0 exp
(
3pik√
8α
)
. (8)
Putting k = 1 into the above results, we get ∗ ≈ 0.77.
The physical case of  = 1 corresponds to α ≈ 0.3, which
then gives the estimated correlation length ξ ≈ 440ξ0.
These are indeed consistent with pseudo-criticality! This
is also qualitatively consistent with existing numerics, in
the sense that it can be easily larger (but not too much
larger) than the simulated system size.
We can also estimate critical exponents at the decon-
fined pseudo-critical point to leading order. The scaling
dimensions of rank-l (symmetric traceless) tensors of the
SO(4 + ) group are given by
∆l =
l(l + 2)
2
g∗ =
l(l + 2)
2
√
3k
, (9)
4where the first identity comes from standard non-linear
sigma model calculations without the WZW term – the
WZW only affects the result through g∗ (see Appendix
A). At k = 1, this gives ∆[l = 1] ≈ 0.87 and ∆[l = 2] ≈
2.3. For l = 1 (Neel/VBS order parameter) the numeri-
cal simulations give ∆[l = 1]Num = (1+η)/2 ≈ 0.62±0.1,
while for l = 2 (Neel-VBS anisotropy) the numerical
value is roughly ∆[l = 2]Num = 3−1/ν ≈ 1.0±0.3. The
error bar comes from sampling different works, on differ-
ence system sizes with different schemes used to extract
the exponents. Our estimated value (in 1/k) for the vec-
tor order parameter is in qualitative agreement with the
numerical values. In fact the estimation is far better than
a similar O(1/k) estimation in 2d, where the exact result
is known to be ∆[l = 1]2d = 3/2(k + 2) = 1/2 while the
O(1/k) estimation gives 3/2. In some sense this means
that theories at  > 0 are less strongly coupled than the
2d SU(2)1 theory so perturbative calculations become
more reliable. Our estimation for the rank-2 tensor is
less impressive – this is perhaps not too surprising since
a similar estimation in 2d gives even larger error than the
vector case. Furthermore, an estimation of rank-4 tensor
shows that it is strongly irrelevant – this is crucial for
the emergence of SO(5) at the DQCP since, in the con-
text of DQCP, rank-4 tensors are allowed by microscopic
symmetries as perturbations[1, 2].
Eq. (9) also implies that the scaling dimensions will
drift downward as the system size grows, since g flows
slowly to smaller and smaller values. This feature is
also in agreement with numerical results. We can esti-
mate the amount of drift at O(1/k, α). Assuming at sys-
tem size L0 the coupling constant reaches g
∗, then for
L not too far away from L0 (specifically | ln(L/L0)| 
ln(ξ/ξ0)), the relative drift in ∆l is roughly (see Ap-
pendix A for more details)
∆l(L)−∆l(L0)
∆l(L0)
≈ −0.23 ln(L/L0), (10)
which appears to be qualitatively consistent with the
numerically observed drifts for the correlation length ex-
ponent ν[12, 13].
We can also consider the k = 2 case. Repeat the anal-
ysis above one obtains ξ(k = 2) ∼ 190ξ0, which means a
weaker but potentially observable pseudo-critical behav-
ior – the actual number is less reliable since ∗(k = 2) ∼
0.38 is further away from the physical dimension, and
therefore the small α expansion is not justified. Note
that since we expect operator scaling dimensions to re-
duce as k becomes larger, the k = 2 theory may have ad-
ditional relevant operators such as the rank−4 tensors.
The k = 2 theory may potentially describe the Neel-
columnar VBS transition of spin−1 anti-ferromagnets on
square lattice[42]. However further fine-tuning will be
required, which makes the theory multi-critical, if the
rank−4 tensors are relevant – this is consistent with re-
cent numerics on spin−1 systems on square lattice[43] in
which a strong first-order transition was observed.
In summary, we have proposed a WZW non-linear
sigma model in (2 + ) space-time dimension, with tar-
get space S3+ and global symmetry SO(4 + ), as an
interpolation between the SU(2)1 WZW CFT in 2d and
the DQCP in 3d. We argued on general ground that a
fixed-point-annihilation should happen at some finite ∗,
above which there is no real fixed point. We then argued,
based on a crude O(1/k) estimation and its consistency
with existing numerics, that ∗ is slightly smaller than
the physical value  = 1 for the DQCP. Therefore the
DQCP shows pseudo-critical behavior before eventually
crossing over to a first-order transition as the system size
exceeds the large correlation length. The pseudo-critical
properties, calculated crudely in O(1/k), are in qualita-
tive agreement with existing numerics. We emphasize
that, just like many other calculations in critical phe-
nomena like O() or O(1/N), our O(1/k) calculation is
by no means a proof of pseudo-criticality in the DQCP
since in reality k = 1. Rather it gives a scenario, or
a picture, that potentially describes the correct physics
and is broadly consistent with existing numerics.
There are many possible future directions following
our work. The most obvious one is to try to give the S3+
WZW theory an intrinsic definition, instead of simply
assuming that a reasonable analytic continuation from
integer dimensions exists (as we did here). More prac-
tically, how do we compute the perturbative RG flow
equation beyond leading order? Another open problem
is to extend the pseudo-critical theory to the easy-plane
DQCP (which received stronger numerical support of the
pseudo-critical scenario recently[44, 45]). Yet another
question is how one could further generalize such theo-
ries, for example to other types of target space beyond
spheres. Specifically, can we find another type of target
space that pushes ∗ well above 1, so that a true criti-
cal point of this type appears in (2 + 1)d? Can we even
push it far enough to have a non-trivial fixed point in
(3 + 1)d? These are all open questions to be explored in
the future.
FIG. 2. Schematic phase diagram of pseudo-criticality at
finite temperature. The classic “critical fan” appears as
long as the temperature is well below the microscopic energy
scale J and well above a very low cross-over temperature
T ∗ ∼ J exp(pi/√ε). Below T ∗ the system crosses over to a
conventional first order transition.
5We end by emphasizing that pseudo-criticality is par-
ticularly interesting for quantum phase transitions: at
finite temperature, the classic “critical fan” appears as
long as the temperature is well below the microscopic
energy scale J and well above a very low cross-over
temperature T ∗ ∼ J exp(pi/√ε). Below T ∗ the system
crosses over to a conventional first order transition. The
schematic phase diagrams is shown in Fig. 2.
Note added : During the completion of this
manuscript, we became aware of an independent work
by Adam Nahum which overlaps significantly with ours.
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Appendix A: Renormalization group calculation for
WZW NLσM
In d dimensional spacetime, we begin with an SO(d+
2) NLσM with a Wess-Zumino-Witten (WZW) term at
level k, which is in general well-defined as a continuum
quantum field theory in the low temperature (ordered)
phase:
S = SSO(d+2) + ikΓ[na] =
1
4pig
∫
ddx(∂na)
2 + i
2pik
(d+ 1)!Ωd+1
∫
dd+1y µ1µ2...µd+1aa1...ad+1na∂µ1na1 ...∂µd+1nad+1 ,
(A1)
in which na (a = 1, ..., d+ 2) is a real (d+ 2)-component
unit vector. The field na defines a map from spacetime
Sd to the target space Sd+1, and Γ[na] is the ratio of
the surface area in Sd+1 traced out by na to the to-
tal area of Sd+1, Ωd+1. na(y) = na(x, u) is a smooth
extension of na(x) such that na(x, 0) = (0, ..., 1) and
na(x, 1) = na(x). Γ is well-defined modulo Γ → Γ + 2pi
due to the existence of topologically inequivalent exten-
sions, which are classified by pid+1(S
d+1) ' Z. SSO(d+2)
is the non-topological part of the NLσM action. In ad-
dition to the SO(d+ 2) symmetric kinetic term, it may
also contains anisotropy terms, which are assumed to be
irrelevant in the pseudocritical regime [26]. By power
counting, the theory is renormalizable in two spacetime
dimension but nonrenormalizable for d > 2. However, it
may formally be defined in a double expansion in powers
of the coupling g and  = d − 2 [46, 47]. As we will see
shortly, this expansion can be perturbatively controlled
in the large k limit. We follow the choice of parametriza-
tion of Sd+1 in Ref. [48], since it enables us to calculate
the beta function and anomalous dimension of soft op-
erators separately:
ni =ti (1 ≤ i ≤ d) (A2)
nd+1 =
√
1− t2cosθ (A3)
nd+2 =
√
1− t2sinθ. (A4)
One can easily see that the functional measure changes
simply as∏
a
dna(x)δ(n
2 − 1) = 1
2
dθ(x)
∏
i
dti(x), (A5)
hence we have no additional contribution from the Ja-
cobian. The non-topological part of the action becomes,
in terms of renormalized fields,
SSO(d+2) =
1
4piZggµ−
∫
ddx[(1− Ztt2)(∂µθ)2
+ (∂µ
√
1− Ztt2)2 + Zt(∂µt)2],
(A6)
in which µ is a parameter with dimension of mass. Note
that the θ variable has no field strength renormalization
since it is a phase angle with definite periodicity of 2pi,
analogous to the case in 2d XY model. At zeroth order
the WZW term does not renormalize the kinetic terms
of t and θ due to the  tensor. In order for a pertur-
bative expansion, one needs to identify the vertex that
contributes to the lowest order in g, from the expansion
of WZW term. This is the vertex that contains d ti fields
and one θ field. Note that
nd+1∂µnd+2 − nd+2∂µnd+1 = ∂µθ + ... (A7)
up to terms of higher order in t fields. Therefore the
vertex that contributes at the leading order in g is
6Σr
2piki
(d+ 1)!Ωd+1
∫
dd+1y µ1...µd+1(d+1)a1...(ar=d+2)...ad+1∂µrθ∂µ1ta1 ...∂̂µr tar ...∂µd+1tad+1 (A8)
=Σr
2piki
(d+ 1)!Ωd+1
∫
dd+1y µµ1...µd(d+1)(d+2)a1...ad∂µθ∂µ1ta1 ...∂µdtad (A9)
=
2piki
d!Ωd+1
∫
dd+1y µµ1...µda1...ad∂µθ∂µ1ta1 ...∂µdtad , (A10)
FIG. 3. The one loop correction to self-energy of θ arising
from the WZW term in 2d. The solid lines represent propa-
gator of t field while the wavy line is propagator of θ.
in which ∂̂µr tar means this term is omitted. As part of
the WZW action, this term is in fact a total derivative.
We assume that the manifold parametrized by coordi-
nate y has a boundary on a constant-(yd+1) plane, which
is our original system:
n(x, yd+1 = 0) =(0, 0, ..., 1),
n(x, yd+1 = 1) =n(x).
(A11)
The vertex then takes the form of
2piki
d!Ωd+1
∫
ddx(−)(d+1)µµ2...µda1...ad∂µθta1∂µ2ta2 ...∂µdtad
(A12)
=(−)d+1 2piki
d!Ωd+1
∫
ddxµ1µ2...µda1...ad∂µ1θta1∂µ2ta2 ...∂µdtad
(A13)
The beta function can be obtained by calculating self-
energy of θ field. The coupling g will be renormalized at
leading order by a two-vertex diagram Fig.3. There are
d internal propagators, depending on the spacetime di-
mension. For our purpose, it is sufficient to calculate this
diagram in two dimension (zeroth order), if we assume
that an analytic continuation exists, and the correction
in d = (2+) is of higher order in g and . For a massless
theory like NLσM, near two dimension one should take
special care to separate infrared and ultraviolet diver-
gences [49], and only the logarithmic divergence from UV
contributes to renormalization. Physically, the IR diver-
gences come from the absence of spontaneous breaking
of continuous symmetry in two dimension. The contri-
bution of this diagram to self-energy of θ field is
Πθ(q
2) =(2pig)2(
2piki
2Ω3
)2µ1µ2ν1ν2a1a2b1b2×∫ Λ
Λ/b
d2p
(2pi)2
[
pµ1pν1(p+ q)µ2(p+ q)ν2
(p+ q)2p2
δa1b1δa2b2
+
pµ1pν2(p+ q)µ2(p+ q)ν1
(p+ q)2p2
δa1b2δa2b1 ] (A14)
∼− 2k
2g2
2pi
q2lnb. (A15)
In last line we keep only the divergent term, and the
integral is taken over a momentum shell |p| ∈ (Λ/b,Λ),
where Λ is a momentum cutoff. This divergence should
be canceled by the coupling constant renormalization,
− 2k
2g2
2pi
q2lnb− 1
2pig
(
1
Zg
− 1)q2 = 0. (A16)
The renormalization group equation follows from the
invariance of the bare coupling under a change of the
rescaling parameter b ∼ el:
dg
dl
= −g dlnZg
dl
= −2k2g4 (A17)
up to terms of higher order in g. Combining with con-
tributions that arise from the loop expansion of interac-
tions in the non-topological part SSO(d+2) (which is the
ordinary NLσM), one can obtain the beta function (note
that here we have n = d+ 2 = 4 + )
β(g) =
dg
dl
=− g + (2 + )g2 + (2 + )g3 − (2k2 +A)g4
+O(g5, g4, ...),
(A18)
where A is a quadratic polynomial of n while indepen-
dent of k, determined by three loop calculations [50].
Note that at order O(g4) and below, the above two
parts contribute additively. Take the large k limit (which
means A can be ignored), in (2+) dimension the consis-
tent scaling is to take g to be O( 1k ) as at the non-trivial
fixed point of WZW model in two dimension [40], and 
to be O( 1k ). The g
3, g2 terms in the beta function can
therefore be simply ignored, and the beta function and
fixed point equation become
β(g) = −g + 2g2 − 2k2g4 (A19)
 = 2g − 2k2g3. (A20)
7FIG. 4. RG fixed points and flows in the (g, ) plane (k = 1),
showing stable (red curve) and unstable (blue curve) fixed
points merging at (g∗, ∗).
It is easy to obtain g∗ = 1√
3k
, ∗ = 4/(3
√
3k). Take
k = 1, ∗ ∼ 0.77. We can also estimate the correlation
length in the pesudocritical regime in dimension d =
2+ & 2+∗. Parametrize  = (1+α)∗ and g = g∗+δg,
and expand the beta function in powers of α and δg,
dδg
dl
∼ −2δg2 − 4
3
3
2 k
αδg − 4α
9k2
+O(δg3). (A21)
Using the freedom to make redefinations of the coupling
δg gives
dλ
dl
= −λ2 − 8α
9k2
+O(α2), (A22)
where λ = 2(δg + α/(3
3
2 k)). For  & ∗ the RG flows
become very slow close to λ = 0, and the long RG time
required to traverse the pesudocritical regime generates
a large correlation length
ξ ∼ ξ0exp(3kpi/
√
8α) ∼ 440ξ0, (A23)
in which we set  = 1 and k = 1.
The renormalization of scaling operators can also be
calculated by this expansion technique. In general, due
to the Ward-Takahashi identity, a set of operators which
correspond to the basis of an irreducible representation
of the SO(d+ 2) symmetry will not be mixed with other
operators under renormalization, and there is only one
renormalization constant for a given irreducible repre-
sentation [47, 51]. The anomalous dimension of the
SO(5) vector operator can be obtained by calculating
the field strength renormalization of the t field. Simi-
larly, the loop corrections from WZW term can be cal-
culated at d = 2, up to terms higher order in g and .
At one loop level, self-energy of the t field acquires a
divergent contribution from the WZW term, shown in
Fig.5.
FIG. 5. The one loop correction to self-energy of t field arising
from the WZW term in 2d.
Πabt (q
2) = (
2piki
2Ω3
)2 × 4(2pig)2aa2bb2δa2b2×∫ Λ
Λ/b
d2p
(2pi)2
(p+ q)µ1(p+ q)ν1pµ2pν2
p2(p+ q)2
µ1µ2ν1ν2
(A24)
= −(2gk)2δab
∫ Λ
Λ/b
d2p
(2pi)2
qµ1qν1pµ2pν2
p2(p+ q)2
µ1µ2ν1ν2
(A25)
where a, b label the components of the vector ta. The
above integral can be organized in powers of the external
momentum q2, in which the divergent coefficient of the
q2 term should be removed by a counterterm related to
field strength renormalization of t
− 1
2pig
(
Zt
Zg
− 1)q2 − 2g
2k2q2
2pi
lnb = 0. (A26)
Combining with our calculation of the coupling constant
renormalization Zg in Eq.(A16), one can easily read out
Zt = 1 +O(g
4), (A27)
which means the WZW term gives no correction to scal-
ing dimension of the vector operator, at order O( 1k ) in
our large k expansion. The renormalization group calcu-
lations for O(n) NLσM in 2+  dimension in Ref.[47, 52]
showed that the anomalous dimension of t field is
γt =
n− 1
2
g +O(g3) =
3
2
g +O(g). (A28)
If one take n = 4, k = 1 and g = g∗ = 1/
√
3, γ∗t ∼ 0.87.
Note that if we instead restrict ourselves in two di-
mension, at large k limit we can recover the result from
2d CFT with SO(4) global symmetry. For  = 0, from
Eq.(A19) one sees that there is a critical fixed point
at gc = 1/k, where the scaling dimension of operators
in vector representation of SO(4) is 3/2k. An SO(4)
vector can be realized as a ( 12 ,
1
2 ) representation of 2d
SU(2)⊗ SU(2) CFT, which has conformal weight [53]
∆ =
3
2(k + 2)
, (A29)
8FIG. 6. The renormalization of local operator φ2
consistent with our result at large k limit.
Calculation of the scaling dimension of the rank two
tensor is also straightforward. We can add one such op-
erator to the action and check how it interacts with other
vertices. In our parametrization only an SO(2)θ×SO(d)t
subgroup is manifest. A rank two tensor of SO(d + 2)
can be projected onto irreducible representations of
SO(2)θ×SO(d)t. Specifically, we can calculate the scal-
ing of the rank 2 operator of SO(d)t, and it will not
be mixed with other representations under renormaliza-
tion. Following our assumption that the result in 2 + 
dimension can be seen as an analytic continuation from
2d, where the correction is of higher order of  and g, we
simply do the loop expansion in 2d. This can be easily
done by a change of variable
t1 + it2 =
√
2φ (A30)
t1 − it2 =
√
2φ∗. (A31)
And the Lagrangian of O(4) NLσM in 2d reads
S =
1
4pig
∫
d2x[(1− 2|φ|2)(∇θ)2
+ (∇
√
1− 2|φ|2)2 + 2|∇φ|2].
(A32)
The vertex takes the form of
− 2piki
2Ω3
∫
d2xµ1µ2a1a2∂µ1θφa1∂µ2φa2 , (A33)
where φ1 = φ, φ2 = φ
∗ and we have now 12 = −21 =
i, 11 = 22 = 0. We add to the action a charge two
operator of the SO(2)t symmetry,
uµ2
∫
d2xφ2 =
uµ2
2
∫
d2x(t21 − t22 + 2it1t2). (A34)
Here u is a dimensionless coupling constant. The loop di-
agram which contributes to renormalization of u is shown
in Fig.6,
−4uµ2(2piki
2Ω3
)2(2pig)3µ1µ2ν1ν2∫ Λ
Λ/b
d2p
(2pi)2
pµ2pν2(q − p)µ1(q − p)ν1
(p2)2(q − p)2 ,
(A35)
where q is an external momentum. In other word,
we define the normalization condition of local operator
φ2 based on a Green’s function ∼ 〈φ∗φ∗φ2〉. The q-
independent part, which is the only ultraviolet divergent
part of the integral, should be removed by a countert-
erm ∼ −(Zu − 1)uµ2. One can easily see that this part
vanishes due to the  tensors. Therefore the WZW term
affects the scaling dimension only through g∗. We can
find from Ref.[52] that the anomalous dimension of a
rank-l tensor in O(n) NLσM is
∆[l] =
l(l + n− 2)
2
g +O(g3) (A36)
up to higher order terms of g. Thus the dimension of
rank two tensor is ∼ 2.3.
We should also examine the large k limit in 2d. From
Eq.A36 we take the large k limit and substitute in g = gc,
end up with ∆[2] = 4k . A symmetric traceless rank 2
tensor of SO(4) corresponds to the (1, 1) operator in
SU(2)⊗ SU(2) CFT, with scaling dimension 4k+2 in 2d,
which is consistent with our result.
We can also estimate the drift in operator scaling di-
mensions. Assuming at system size L0 the coupling con-
stant reaches g∗. We consider system size L that is not
too far away from L0, specifically | ln(L/L0)|  ln(ξ/ξ0).
Integrating the RG flow equation Eq. (A22) from L0 to
L gives
δg = − 4α
9k2
ln(L/L0) + ... (A37)
By Eq. (A36) we have (with k = 1 and α = 0.3)
∆l(L)−∆l(L0)
∆l(L0)
≈ −0.23 ln(L/L0). (A38)
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